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IRREDUCIBLE HOLONOMY ALGEBRAS OF ODD 
RIEMANNIAN SUPERMANIFOLDS 



Abstract. Possible irreducible holonomy algebras g C 5p(2m,M) 
of odd Riemannian super manifolds and irreducible subalgebras g C 
g[(n,]R) with non-trivial first skew-symmetric prolongations are classi- 
fied. An approach to the classification of some classes of the holonomy 
algebras of Riemannian supermanifolds is discussed. 



1. Introduction 

Berger's classification of holonomy algebras of Riemannian manifolds 
is an important result that has found applications both in geometry and 
theoretical physics [U [2l |3l HI |TOl [12] . For pseudo- Riemannian manifolds 
the corresponding problem is solved only in the irreducible case by Berger 
and in several partial cases, e.g. in the Lorentzian signature [7]. 

Since theoretical physicists discovered super symmetry, supermanifolds 
began to play an important role both in geometry and physics |6l [151 UHl 
[T71[23]. In [8] the holonomy algebras of linear connections on supermani- 
folds are defined. In particular, if {Ai, g) is a Riemannian supermanifold, 
then its holonomy algebra Q may be identified with a subalgebra of the 
orthosymplectic Lie superalgebra osp(p, q\2m), where p + q\2m is the di- 
mension of Ai and {p, q) is the signature of the metric g restricted to the 
underlying smooth manifold of A^. It is natural to pose the problem of 
classification of the holonomy algebras g C osp{p,q\2m) of Riemannian 
supermanifolds. Since for m = this is the unsolved problem of the 
differential geometry, one should consider some restrictions on q. The 
first natural restriction is the irreducibility of g C 05p{p,q\2m). Let us 
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suppose also that 

(1) Q = i®ig^)®h 

where 0j are simple Lie superalgebras of classical type and 3 is a trivial 
or one- dimensional center (if m = or p = g = 0, then this assumption 
follows automatically from the irreducibility of g). 

In the present paper we obtain a classification of possible irreducible 
holonomy algebras of odd Riemannian supermanifolds, in this case 

Q C osp(0|2m) ~5p(2m,M) 

is a usual Lie algebra. This result is the mirror analog of the Berger 
classification. Moreover, the aim of this paper is to collect some facts 
that will be needed for the classification of irreducible holonomy alge- 
bras g C 05p{p,q\2m) of the form ([T]). More precisely, any holonomy 
algebra g C sp(2m,M) of an odd Riemannian supermanifold is a skew- 
Berger algebra, i.e. g is spanned by the images of the space -R(g) that 
consists of symmetric bilinear forms on M^™ with values in g satisfying 
the first Bianchi identity. These algebras are the analogs of the Berger al- 
gebras that are defined in a similar way [11 [181 Elj • AH previously known 
irreducible Berger algebras were realized as the holonomy algebras [11 [21] , 
hence skew-Berger algebras may be considered as the candidates to the 
holonomy algebras of odd supermanifolds. Complex irreducible skew- 
Berger subalgebras of gl{n, C) are classified recently in [9]. 

Suppose now that g C osp{p,q\2m) is of the form and irreducible. 
Its even part 

go C 5o{p,q) ©sp(2m,M) 

preserves the decomposition M^''^ © M^™ into the even and odd parts. 
For the most of the representations, gg acts diagonally in MP''^ © M^™, 
i.e. its representations in the both subspaces are faithful. In [Qj it is 
explained that in this case pr^^^p gg C so{p,q) is a Berger algebra and 
P^sp(2m,R) 00 C sp(2m,M) is a skew-Berger algebra. Since gg is reduc- 
tive, pr^p(p g) gg is known. Below we will show that to know all possible 
P^sp(2m,R) So) it is enough to classify irreducible skew-Berger subalgebras 
i) C 5p(2fc,]R) and to classify skew-Berger subalgebras f] C sp(2m,M) 
that preserve a decomposition M^™ = W (B Wi into the direct sum of 
two Lagrangian subspaces and act diagonally in © Wi. The last clas- 
sification can be reduced to the classification of irreducible subalgebras 
i) C gl(n, M) with the non-trivial first skew-symmetric prolongation 

[^[1] = {^e {Wy © i)\ip{x)y = -ip{y)x for all x,y e R"}. 
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For subalgebras f) C so(n, M) the first skew-symmetric prolongation is 
studied in [19], where some apphcations are obtained. Thus, knowing 
Wso{p,q) 00 and pr5p(2m,R) 00) a-iid using the theory of representations of 
simple Lie superalgebras p3], it is possible to find g C osp(p, g|2m). 
These ideas and the results of this paper will allow to classify irreducible 
subalgebras g C osp{p,q\2m) of the form ([T]). 

The paper has the following structure. In Section |2] we give neces- 
sary preliminaries. Section |3] deals with odd Riemannian symmetric 
superspaces. In Section H] the classification of irreducible subalgebras 
g C g[(n,]R) with non-trivial first skew-symmetric prolongation is ob- 
tained. In Section |5] irreducible not symmetric skew-Berger subalgebras 
g C 5p(2m, R), i.e. possible irreducible holonomy algebras of not sym- 
metric odd Riemannian supermanifolds, are classified. 

2. Preliminaries 

Odd Riemannian supermanifolds, connections, holonomy al- 
gebras. First we rewrite some general definitions from the theory of 
supermanifolds [151 [El E] for the case of odd supermanifolds. A con- 
nected supermanifold Ai of dimension 0|A; is a pair 

{{x},A{k)) 

where x is the only point of the manifold and A{k) is a Grassman su- 
peralgebra of k generators, which is considered as the superalgebra of 
functions on Ai. Such supermanifolds Ai are called odd supermanifolds. 
If . . . , i^'^ are generators of A{k), then 

Hk) = ©toA'ffi'' = Hk)-o © A(A;)i, 

where M'^ = span{^^, . . . ,^^}, and A(/c)o and A{k)i are spanned by the 
elements of even and odd degree, respectively. The elements of A(fc)o and 
A(A;)i are called homogeneous. For a homogeneous element /, the parity 
I/I G Z2 = {0, 1} is defined to be |0| or |1| if / e A{k)-o or / G A(fc)i\{0}, 
respectively. It holds |^^| = ■ ■ ■ = l^'^l = 1 and 

for all homogenous f,h & A{k). In particular, ^^^-^ = Any function 

/ G A{k) can be written in the form 

m 

r=0 ai<---<Or 
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where fai...ar ^ By definition, the value of / at the point x is /(x) = 
/0. The functions are called coordinates on Ai. The A(A;)- 

supermodule 

Tm = (J~m)o © (J~m)i 
of vector fields on A4 consists of M-linear maps X : A{k) — )■ A(A;) such 
that the homogeneous X satisfy 

X{fh) = {Xf)h + {-l)™f{Xh) 

for all homogeneous functions f,g. The vector fields d^i,...,d^k are 
defined in the obvious way. These vector fields are odd. The tangent 
space T^Ai to Ai at the point x can be identified with spanj^jS^i , . . . ,d^k} 
and it is an odd vector superspace. It holds 

The value of a vector field X = fad^a at the point x is defined as X^ = 
fa{x){d^.),eT,M. 

A connection on M. is an even M-linear map 

V : Tm ®r Tm — >■ Tm 

of M-supermodules such that 

V/yX = fVyX and Vy/X = {Yf)X + (-l)'^ll^'/VyX 

for all homogeneous functions / and vector fields X, Y on Ai. The 
curvature tensor of V and its covariant derivatives Vi? and their 
values at the point x are defined in the usual way. From [8J it follows 
that the holonomy algebra g of the connection V at the point x can be 
defined in the following way: 

{^r J. ir, ^ s 0<r<fc, l</3,7<fc,\ 

C0[(r,,>l) ^0[(O|A;,M). 

Thus g is a usual Lie algebra acting in the odd superspace T^Ai. Con- 
sidering the isomorphism IlTxAi ^ M'^, we get g C g[(A;,M). Here 11 is 
the parity changing functor. The holonomy group of the connection V 
at the point x is defined as the corresponding connected Lie subgroup of 
G1(A;,M). 

A Riemannian supermetric on At is an even linear map 

g : Q'Tm ^ A{k) 

such that its value 
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niQ) = {Re Q^V* ® 



is non-degenerate. Since Tr^Ai is an odd vector superspace, w is a sym- 
plectic form on IITj-A^ ~ R'^. Hence in this case k must be even, k = 2m. 
On such Riemannian supermanifold there exists the Levi-Civita super- 
connection V. For its holonomy algebra it holds 

g C osp(0|2m, M) ~ sp(2m, M). 

Skew-Berger algebras. The main task of this paper is to classify 
possible irreducible holonomy algebras g C sp(2m, M) of odd Riemannian 
supermanifolds. This can be done using the following algebraic properties 
of the representation g C sp(2m, R). 

Let V he a. real or complex vector space and g C gt(V") a subalgebra. 
The space of skew- symmetric curvature tensors of type g is defined as 
follows: 

R{X, Y)Z + R{Y, Z)X + R{Z, X)Y = 
for all X,Y,Z eV 

The subalgebra g C gt(V^) is called a skew-Berger subalgebra if it is 
spanned by the images of the elements R G "^(g). The space 7^(g) 
and the notion of the Berger algebra (or more generally of a Berger su- 
peralgebra) is defined in the same way, the only difference is that R 
is a (super) skew-symmetric bilinear form with values in g. Obviously 
TZ{q) = 7l{g C g[(ni^)) and g C qI{V) is a skew-Berger algebra if and 
only if g C gt(ny) is a Berger superalgebra. 

Let g C g[(A;,M) Consider the space of linear maps from R'^ to "^(g) 
satisfying the second Bianchi identity, 

Sx{Y, Z) + Sy{Z,X) + Sz{X,Y) = 0~ 
for all X,Y,Z e R'^ 

A skew-Berger subalgebra g C gt(n, M) is called symmetric if "^^(g) = 0. 
Note that if an odd supermanifold A4 is endowed with a torsion-free 
connection V and g is its holonomy algebra, then V^^^^ ^ ^^^^ -R^ £ T^id) 
and Vg^„^ g^^^ Rx G ^^(g). In particular, g C Q\{k, R) is a skew-Berger 
algebra. 

Let uj be the standard symplectic form on R^™. A subalgebra g C 
sp(2m, R) is called weakly-irreducible if it does not preserve any proper 
non-degenerate subspace of R^™. The next theorem is the partial case of 
the Wu Theorem for Riemannian supermanifolds proved in [8]. 

Theorem 1. Let g C sp(2m, R) = 5p(l^) be a skew-Berger subalgebra, 
then there is a decomposition 

V = VQ®Vi®---®Vr 



7^^(g) = IS e{^'Y ®n{Q) 
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into a direct sum of symplectic subspaces and a decomposition 

g = gi © ■ ■ ■ © 0r 

into a direct sum of ideals such that Qi annihilates Vj if i ^ j and Qi C 
sp{Vi) is a weakly-irreducible Berger subalgebra. 

If Q G Qi{k,M.) is the holonomy algebra of an odd Riemannian super- 
manifold {Ai,g), then the above decompositions define a decomposition 
of {Ai,g) into the product of a flat odd Riemannian supermanifold and 
of odd Riemannian supermanifolds with the weakly-irreducible holonomy 
algebras Qi C sp(Vj). 

Let Q C sp(2m, R) = sp(V^) be a skew-Berger subalgebra. By the above 
theorem, we may assume that it is weakly- irreducible. Suppose that it 
is not irreducible. Suppose also that g is a reductive Lie algebra. Since 
g is not irreducible, it preserves a degenerate subspace W C V. Conse- 
quently, g preserves the isotropic subspace L = W H W-^ (W-^ is defined 
using u). Since g is totally reducible, there exists a complementary in- 
variant subspace L' C V. Since g is weakly- irreducible, the subspace L' 
is degenerate. If L' is not isotropic, then g preserves the kernel of the re- 
striction of u to L' and g preserves a complementary subspace in L' to this 
kernel, which is non-degenerate. Hence L' is isotropic and ^ = L © L' is 
the direct of two Lagrangian subspaces. The form uonV allows to iden- 
tify L' with the dual space L* and the representations of g on L and L' are 
dual. Since g C spiV) is weakly-irreducible, the representation g C Qi{L) 
is irreducible. Let R G TZ{q). From the Bianchi identity it follows that 
R{x, y) = and R{(p, ip) = for all x,y E L and ip,ilj G L*. Moreover, for 
each fixed ^ e L* it holds R{-,^) G (g C gl(L))W, where (g C gl(L))W 
is the first skew-symmetric prolongation for the representation g C qI{L) 
(similarly, for each fixed x e L it holds R{-,x) G (g C g[(L*))[^]). Conse- 
quently, (g C gl(L))l^l 7^ and such algebras are classified in Section HI 
Thus we will get classification of all reductive skew-Berger subalgebras 
g C sp(2m,]R). 

3. Odd symmetric superspaces and simple Lie superalgebras 

Symmetric superspaces are studied in [221 [13 E]- A class of odd 
symmetric superspaces is considered in [5]. 

An odd supermanifold V) is called symmetric if V-R = 0. In this 
case for the holonomy algebra g we have 

g = span{i?,(a^/3,%)|l < f3,-f < k} = R,{T,M,T,M). 

Moreover, g annihilates R^ G 7^(g) [8J. 



IRREDUCIBLE HOLONOMY ALGEBRAS OF ODD... 9 



Similarly as in [21] it can be shown that if Q C gl(A;,]R) is irreducible 
skew-Berger algebra such that the representation of q in TZ{q) is trivial, 
then Q is a symmetric skew-Berger algebra. 

From [8j it follows that if the holonomy algebra q of a torsion-free 
connection V on an odd supermanifold M. is a symmetric skew-Berger 
algebra, then V) is symmetric. 

Let (M, V) be an odd symmetric supermanifold. Define the Lie super- 
algebra 

« = © HR^ 

with the Lie superbrackets 

[nX, YIY] = R{X, Y), [A, UX] = U{AX), [A, B] = [A, B]„ 

where A,B^q and X,Y G M^. Conversely, let t be a Lie superalgebra 
with the even part g and the odd part IIR'^. Let G be the connected Lie 
group with the Lie algebra g and /C be the connected Lie supergroup with 
the Lie superalgebra i. The Lie supergroup /C can be given by the Harish- 
Chandra pair {G,t) [H]. The factor superspace = /C/G is an odd 
supermanifold and it admits a unique symmetric superconnection [T6] . 

Thus we obtain a one to one correspondence between connected odd 
symmetric superspaces {A4, V) and Lie superalgebras t = gQlIM*^. More- 
over, IHR*^ is the tangent space to A4 and g C Qi{k, M) is the holonomy 
algebra. The space {A4, V) is Riemannian if and only if g C sp(/c, M). 

Let t = to Q) ti he a. (real or complex) simple Lie superalgebra. It is of 
classical type if the representation of on ii is totally reducible. In this 
case, t is of type I if the representation of on ti is irreducible; t is of 
type II if to preserves a decomposition 

such that the representations of ^-i ^-^id are faithful and irre- 
ducible. 

Let g be a reductive Lie algebra. Suppose that g C gI(/c,M) is irre- 
ducible, or there exists a g-invariant decomposition 

such that the representations of g on and 6i are faithful and irre- 
ducible. Suppose that there exists R G ^^{g) such that g annihilates R 
and _R(M'^,M'^) = g, then the Lie superalgebra t = g © IIM''' defined as 
above is simple, this follows from Propositions 1.2.7 and 1.2.8 from [T3]. 

Thus we have reduced the classification of weakly-irreducible reduc- 
tive subalgebras g C g[(/i;,M) admitting elements R G TZ^g) such that g 
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annihilates R and i?(]R'^,R'^) = g to the classification of real simple Lie 
superalgebras of classical type. Remark that we are interested only in 
the case g C sp{k, M). If g C gl{k, R) is not irreducible, then g C sp{k, M) 
if and only if ~ t];. 

Real simple Lie superalgebras of classical type are exhausted by simple 
complex Lie superalgebras of classical type considered as real Lie super- 
algebras and by real forms of complex Lie superalgebras of classical type. 
The real forms are found in [20j. To make the exposition complete we 
list these algebras in Tables 1-4. 



Table 1. Simple complex Lie superalgebras of type I 






00 


01 


restriction 


osp(n 2m, C) 


so(n, C) ©sp(2m,C) 




n ^ 2 


osp(4|2,Q!,C) 


s[(2,C)©s[(2,C)es[(2,C) 


C2 (g) C2 (g C2 


a e C\{0, -1} 


F(4) 


so(7,C) ©sl(2,C) 






G(3) 


G2©s[(2,C) 






pq(n,C) 


s[(n,C) 


s[(n,C) 


n>3 



Table 2. Simple complex Lie superalgebras of type II 






00 


01 


0-1 


restriction 


s[(n|m, C) 


s[(n,C) ®s1(to,C) ® C 


C" ® c™* 


C"* (g) C" 


n ^ m 


psl(n|n,C) 


s[(n,C) ©sl(n,C) 


C" (g> C"* 


C"* (g C" 




osp(2|2m,C) 


so(2,C) ®sp(2to,C) 








pe(n,C) 


s[(n,C) 


Qhl{n,C) 


A2sI(n,C)* 


n > 3 



Table 3. Simple real Lie superalgebras of type I 



g(g>C 





00 


01 


osp(n 2to,C) 


OSp(r, n — r 2m, E) 


so(r, n-r) (B sp(2m, M) 


R'''"-'' (g R2" 


osp(2n|2m,C) 


[)OSp(r, m — r|n) 


so(n, H) © sp(r, m — r) 


H" ©H H'^'"-'^ 


osp(1|2to,C) 


osp(l|2m,M) 


sp{2m,R) 


R2™ 


osp(4|2,a,C) 




sl(2,M)©s[(2,R)©s[(2,M) 


R2 g) R2 © R2 






su(2) ffisu(2) ©s[(2,R) 


R4 ©M2 






s[(2,C)©s[(2,M) 


Rl'3 ^R2 






sl(2,]R) ©so(7) 


R2 © Ay 






s[(2,R)©so(3,4) 


R2 © A3,4 






su{2) ffiso(2,5) 


C2 © A2,5 






5u(2) ffiso(l,6) 


C2 © Ai.6 


G(3) 




s[(2,R)©G2 


R2 ©R^ 






s1(2,R)©G;(2) 


R2 © R3'4 


pq(n,C) 


pq(7i,R) 


s((n,R) 


sl(n,M) 






5u{p, n — p) 


su(p, n — p) 




pq(n,]HI) 


s[(f,H) 


s[(|,H) 


sl(n m, C) 


su(s, n — s|r, m — r) 


su(s, 71 — s) © su(r, m — r) © Ri 




ps[(n n,C) 


psu(s, n — s|r, n — r) 


su(s, n — s) © su(r, n — r) 








s[(n,C) 


C" ©C" 


osp(2|2to,C) 


flOSp(r, m — r|l) 


Ri © sp(r, m - r) 
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Table 4. Simple real Lie superalgebras of type II 



Q(E>C 





00 


01 


s[(n|m,C) 


s[(n TO, M) 
s[(f If ,H) 


s[(n,R) ©s[(to,M) ©R 
sl(f,H)©sI(f ,H)©M 


M" (g) M™* © R"* R™ 
Ht ©jj H^* © Ht* ©H 


osp(2|2m,C) 


osp(2|2to,M) 


IR©sP(2to,M) 


R2™ © R2m* 


pe(n,C) 


pe(n,R) 
pe(f,M) 


sI(n,R) 
s[(§,H) 


02sI(n,R) © A2sI(n,R)* 
©2s[(|,H)©A2s[(f,H)* 



4. Skew-symmetric prolongations of Lie algebras 

Irreducible subalgebras g C g[(n, F) (F = M or C) with non-trivial 
prolongations 

g(i) = {ipe (F")* O 0|v5(a;)?/ = ^(?/)a; for all x,y e F"} 

are well known, see e.g. Here we classify irreducible subalgebras 

Q C 0[(n, F) such that the skew-symmetric prolongation 

gW = G (F")* (g) 0|v5(x)y = -<^(?/)x for all x,y e 

of Q is non-zero. 

Irreducible subalgebras q C so(?t,,]R) with non-zero skew-symmetric 
prolongations are classified in [19]. These subalgebras are exhausted by 
the whole orthogonal Lie algebra so(n, M) and by the adjoint representa- 
tions of compact simple Lie algebras. 

Irreducible subalgebras g C g[(n,C) with g'^^ ^ are classified in 
We give this list in Table [51 To get this result it was used that g'^^ 
coincides with n(g C g[(0|n, C))*^^^ and the fact that the whole Cartan 
prolong 

g* = n\/ © g © (g C gl(0|n, C))^^) © (g C g[(0|n, C))^') © • • • 

is an irreducible transitive Lie superalgebra with the consistent Z-grading 
and gi 7^ 0. All such Z-graded Lie superalgebras are classified in |il3j. 
The second prolongation gl^l is defined in the obvious way. 
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Table 5. Complex irreducible subalgebras q C 0((^) "with gl^l ^ 0. 






V 


0'^' 




s[(n,C) 


C", 


n > 3 


(C"©A2(C")*)o 


(C" ©A3(C")*)o 


0[(n,C) 


C", 


n > 2 


C"© A2(C")* 


C" © A3(C")* 


s[(n,C) 




n > 3 


A2(C")* 





C) 




n > 3 


A2(C")* 





s[(n,C) 


A^C", 


n > 5 


02(C")* 





C) 




n > 5 


02(C")* 





s[(n,C) ©sl(m,C) ©C 


C" (g)C™, 


n,m>2 
n ^ m 







s[(n,C) ©sl(n,C) 


C" ©C", 


n > 3 







sl(n,C) ©s[(n,C) ©C 


C" ©C", 


n > 3 


V* 





so(n, C) 


C", 


n > 4 






so(n,C) ©C 


C", 


n > 4 


A3y* 


A^y* 


sp(2n,C) ffiC 


C2" 


n > 2 


1/* 





g is simple 





Cid 





g © C, Q is simple 





Cid 






Now we classify irreducible subalgebras q C gl(n, M) with g'^^ ^ 0. 
Let C M) be such subalgebra. If this representation is absolutely 
irreducible, i.e. does not admit a complex structure commuting with 
the elements of 0, then 0(S)C C C) is an irreducible subalgebra, and 
(0 ® C)[^l = g'^J (g) C 7^ 0. Note that if in this case the representation 
C 0[(n, M) is different from the adjoint one and from the standard 
representation of 5o(ra,M), then (0®C)(^) 7^ or (g(g)C©C)(^) 7^ (then 
0*^^^ 7^ 0). Hence absolutely irreducible subalgebras q C 0[(n, M) with 
0^^] 7^ are exhausted by absolutely irreducible subalgebras C gI(?7,,M) 
(up to the center of 0) with 0[^1 7^ 0, by the adjoint representations of 
real forms of complex simple Lie algebras, and by so(p, n—p)G Qi{n, M). 
The result is given in Table [6l where we use the following notation from 

Hn{C) = {Ae Matn{C)\A* = A}, 5„(H) = {A e Matn{M)\A* = -A}, 

An(B) = {Ae MatniM)\A* = A}. 

The first and the second skew-symmetric prolongations can be found 
from the relation (0 (g) C)'''] = q^''^ <^ C. 

Suppose that the representation C 0[(n, M) is non-absolutely irre- 
ducible, i.e. E = MJ^ admits a complex structure J commuting with the 
elements of 0. In this case the complexificated space E ^ C admits the 
decomposition E^C = V(BV, where V and V are the eigenspaces of the 
extension of J to ii^ ® C corresponding to the eigenvalues i and —i, re- 
spectively. The Lie algebra ® C preserves this decomposition. Consider 
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the ideal Qi = Q r\ Jq C g. Since g is reductive, there is an ideal 02 C g 
such that = 01 © 02- The Lie algebra 0i ® C admits the decomposition 
01 C = 0']^ © 0'/ into the eigenspaces of the extension of J to 0i © C 
corresponding to the eigenvalues i and —i, respectively. It is easy to see 
that 0'^ annihilates V, 0'/ annihilates V, and 02 © C acts diagonally in 
V ®V. We immediately conclude that 

(0 © C)W = (0; C 0l(\/))W © (0'/ C 0l(\/))W. 



It is clear that the representation of 0'^ © (02 © C) in \^ is irreducible. If 
dim 02 > 2, then this representation is of the form of the tensor product of 
irreducible representations of 0^ and 02 ©C. Obviously, in this case (0'^ C 
= 0, similarly (0'/ C 0l(\^))W = 0. We conclude that dim 02 < 1, 
and 01 C 0[(|,C) C 0l(?2, R) is a complex subalgebra considered as the 
real one. 

Thus irreducible subalgebras C 0[(n, M) with 0'^] 7^ are exhausted 
by the subalgebras from Table |5] considered as the real ones, by the 
subalgebras from Table [6l and subalgebras of the form 0i ©M C gi{n, M), 
where 0i is an subalgebra from Table |5] considered as the real one and 
with the trivial center. 

Table 6. Absolutely irreducible subalgebras q C g[(n,R) with gl^l 7^ denotes 
either or R j 






V 


s[(n,R) 


R", n > 3 


0[(n,M) 


R", n>2 


sl(n,M) ©3 


02R", 71 > 3 


sl(n,H) ©3 


Sn{M), n > 2 


sl(n,M) ©3 


A^R", n>5 


sl{n, H) © 3 


An{M), n > 3 


s[(n,R) ©s[(m,R) ©R 


R"(8)R™, n>m>2 


s[(n,R) ©s[(n,R) ©3 


R"©R", n>3 


sl(n,H) ©s[(m,H) ©R 


H"(g)H"', n>m>l 


s[(n,H) ©s[(n,H) ©3 


H"©H", n>2 


sl(n,C) ©R 


Hn{C), n>3 


so(p,(7) ©3 


p + q>4: 


sp(2n,R) ©R 


R2", n>2 


g © 3, g is a real form of a 
simple complex Lie algebra 
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5. Irreducible holonomy algebras of not symmetric odd 
riemannian supermanifolds 

Section |3] provides the classification of irreducible symmetric skew- 
Berger algebras g C sp(2m,M), hence it is left to classify irreducible 
non-symmetric skew-Berger algebras g C sp{2m,M.). 

Irreducible skew-Berger subalgebras g C Ql{n,C) are classified in 
In Table [7] we list irreducible skew-Berger subalgebras g C sp(2m, C). 

Table 7. Irreducible skew-Berger subalgebras g C Sp(2m, C) = Sp(l^) 






V 


restriction 


sp(2m,C) 




n>l 


s[(2,C) ©so(to,C) 




m > 3 


spin(12,C) 


A+ = 




s[(6,C) 


^3^6 = C20 




sp(6,C) 


v., = C" 




so(n,C) ©sp(2g,C) 




n > 3, q > 2 


©s[(2,C) 






so(7,C)©s[(2,C) 







Note that for the last three subalgebras from Table[7]it holds "^(g) — C 
and this space is annihilated by g, i.e. those algebras are symmetric skew- 
Berger algebras. 

We get now the list of irreducible not symmetric skew-Berger subal- 
gebras g C sp(2m,R). Let be a real vector space and g C QiiV) an 
irreducible subalgebra. Consider the complexifications Vc = V (8>]r C and 
gc = ®R C C gl(Vc). It is easy to see that "^(gc) = "^(g) ®ir C. Sup- 
pose that g C Qi(y) is absolutely irreducible, i.e. there exists a complex 
structure J on commuting with the elements of g. Then V can be con- 
sidered as a complex vector space. Consider the natural representation 
^ • 0c 0^^) ^he complex vector space V. The following proposition 
is the analog of Proposition 3.1 from [21\ . 

Proposition 1. Let V be a real vector space and g C qI{V) an irreducible 
subalgebra. 

1. : If the subalgebra g C gl(^) is absolutely irreducible, then g C 
Qiiy) is a skew-Berger algebra if and only if gc C gl(Vc) is a 
skew-Berger algebra. 

2. : // the subalgebra g C gl(^) is not absolutely irreducible and 
if {i{Qc)y^^ = 0, then g C gl(^) is a skew-Berger algebra if and 
only if Jq = Q and Q C gt(^) is a complex irreducible skew-Berger 
algebra. 
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First of all, the algebras of Table [7] exhaust the second possibility of 
the proposition with (i(gc))'^^ = 0) ^'Hd only the first 5 algebras of Table 
[7] are not symmetric skew-Berger algebras. 

Suppose that the subalgebra g C 5p(y) is an absolutely irreducible 
not symmetric skew-Berger algebra. Then Qq C sp(Vc) is one of the first 
5 algebras of Table [71 Note that each of these algebras is also a Berger 
algebra [2T]. From Proposition [1] and Proposition 3.1 from [21] it follows 
that g C spiy) is a Berger algebra, hence we may deduce all absolutely 
irreducible not symmetric skew-Berger algebra g G 5p{V) from [21]. 

We are left with the not absolutely irreducible subalgebras g C sp{V) 
such that {i{Qc)y^^ 7^ 0. Consider any such g. Let as in Section HI 
01 = n Jg. Then g = gi © g2 and gc = gi © g" © (g2 ® C). More 
over, g[ and g'/ are isomorphic. Table [5] implies that the only possible 
i(gc) is sl{n, C) © s[(n, C) © C. Then V = C", gi = s[(n, C) and 
Q2 = IR- The Lie algebra gc acting in Vc preserves the decomposition 
Vc = W Q) W, where W and W are the eigenspaces of the extension of J 
to Vc corresponding to the eigenvalues i and —i, respectively. Moreover, 
g[ ~ sl{n, C) annihilates W, g'/ ~ sl{n, C) annihilates W, and C acts 
diagonally in © ly. This shows that 

^(0c) C ^(g[(n,C) c gi{W))(Bn{gl{n,C) C gl{W)). 

Note that dim^ W = 2n. From |9] it follows that the both sl{n, C) and 
g[(n, C) do not appear as the skew-Berger subalgebras of gt(W^) for W 
of such dimension, hence TZ^gc) = 0. This shows that gi = 0, hence 
g n Jg = 0, i.e. g C gc is a Real form. We have to consider the real 
forms g of the algebras [) appearing in Table [5] such that the restriction to 
g of the corresponding representation f) C gi{E) is irreducible and take 

V = E considered as the real vector space. Now gc = ^ acts diagonally 
mVc = W®W. Let R e :^(gc C Vc) and S G V:^(gc C Vc). From the 
first Bianchi identity it follows that R{X, Y) = whenever both X and 

Y belong either to W or to W. Next, for each Xi e W and X e W, it 
holds 

R{Xi, V)k e {{gc)w c g R{X, -1^)11^ e {{gc)w c g W)™. 

From this and the second Bianchi identity it follows that 

S.iAXi, ■\w)\w e i{gc)w c g S.^^iX, -l^)]^ g ((gc)iy c g W)'^!. 

Hence, if g C 5p{V) is a skew-Berger algebra and ((gc)vK C gt(W^))'^^ = 0, 
then V'^(g) = 0, i.e. g C 5p(V^) is a symmetric skew-Berger algebra. 
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Thus we get only the following 4 possibilities for f) C qI{E): 



0[(n,C), s[(n,C), so(n,C), so(n, C) © C C 0[(n, C). 



The corresponding g C 5p{2m,M.) are the following: 



u{n), 5u(n) C sp{2n, M), 5o(n, H), 5o(n, H) © Mi C 5p(4n, M). 



Let us find the spaces TZi^g) © C = TZ^Qc C 0t(Vc)). As we have 
seen above, any R G TZ^Qc C 0[(Vc)) is uniquely defined by the val- 
ues R{X,Xi), where X E W and Xi G W. Let Ci, ...,6^ be a basis in 
W and e^, ...,6"^ the dual basis in W. We may write R{ei,e^) = A\ for 
some G (/cIpv- Define the numbers A^]. such that v4|efc = Xl/^il^'- 
Then A^e^ = J2kMk^''- Let g = u(n), then G 0[(n, C) and m = n. 
From above it follows that i? G R{qc) if and only if AH = —A-'f!- and 
^^■^ = -A%. Hence, :^(u(n)) © C is isomorphic {W AW)^ {W* A PF*). 
For Q = su{n) we get the additional condition A^^ = 0. This shows 
that u{n), 5u{n) C sp(2r;,,]R) are skew-Berger subalgebras. Since 



(so(2n, C) C 0[(2n, C))W = (so(2r2, C) © C C 0[(2r2, C))™, 



so(n, H) © Mi C sp(4n, M) is not a skew-Berger subalgebra. Finally con- 
sider = so(n, H) C sp(4n, M). Any R G '^(0c C Vc) is defined as above 
by the numbers A^ with the additional condition AH = —A^'. This shows 
that n{Qc C Vc) ~ A^C^", i.e. so(n,H) C sp(4n,M) is a skew-Berger 
subalgebra. We obtain the following classification theorem 

Theorem 2. Possible irreducible holonomy algebras g C sp(2m, M) of 
not symmetric odd Riemannian supermanifolds are listed in TablelBi 
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Table 8. Possible irreducible holonomy algebras q C sp(2m, M) = sp{V) of not sym- 
metric odd Riemannian supermanifolds. 






V 


restriction 


sp(2m,]R) 




m > 1 


u{p, q) 




P + g> 2 


su{p, q) 


CP'" 


P + g > 2 


so(n,H) 


H" 


n > 2 


sp(l) ©so(n,H) 


H" 


n > 2 


s[(2,K) eso(p, q) 




P + g>3 


spin(2, 10) 






spin(6, 6) 






5o(6,H) 


A^ = H8 




sl(6,M) 






su(l,5) 


{we A3c6|*w = w} 




su(3,3) 


{we A^C^I *«; = «;} 




sp(6,M) 






sp(2m,C) 




m > 1 


s[(2,C) ©so(m,C) 




m > 3 


spin(12X) 


A+ = 




51(6. C) 













References 

[1] D. V. Alcksccvsky, Riemannian manifolds with exceptional holonomy groups, 

Funktsional Anal. Appl. 2 (1968), no. 2, 1-10. 
[2] M. Bcrgcr, Sur les groupers d'holonomie des varietes dconnexion affine et des 

varietes riemanniennes, Bull. Soc. Math. France 83 (1955), 279-330. 
[3] A. L. Besse, Einstein manifolds, Springer-Verlag, Berlin-Heidelberg-New York, 

1987. 

[4] R. Bryant, Classical, exceptional, and exotic holonomies: a status report. Actes 
de la Table Ronde de Geometric Diffcrentielle (Luminy, 1992), Semin. Congr., 1, 
Soc. Math. France, Paris (1996), 93-165. 

[5] V. Cortes, Odd Riemannian symmetric spaces associated to four-forms, Math. 
Scand. 98 (2006), no. 2, 201-216. 

[6] P. Deligne, J. W. Morgan, Notes on supersymmetry (following Joseph Bernstein), 
Quantum Fields and Strings: A Course for Mathematicians, Vols. 1,2 (Princeton, 
NJ, 1996/1997), 41-97. American Mathematical Society, Providence, R.I., 1999. 

[7] A. Galaev, T. Leistner, Holonomy groups of Lorentzian manifolds: classification, 
examples, and applications, Recent developments in pseudo-Riemannian geome- 
try, ESI Lect. Math. Phys., Eur. Math. Soc, Zurich (2008), 53-96. 

[8] A. S. Galaev, Holonomy of supermanifolds, Abhandlungen aus dem Mathema- 
tischcn Seminar dcr Universitat Hamburg, Volume 79, (2009), Issue 1, 47-78. 

[9] A. S. Galaev, Irreducible complex skew-Berger algebras. Differential Geom. Appl. 
27 (2009), no. 6, 743-754. 



18 A.S. GALAEV 

[10] G. W. Gibbons, Holonomy Old and New, Progress of Theoretical Physics Sup- 
plement No. 177 (2009), 33-41. 

[11] O. Goertsches, Riemannian Supergeometry, Math. Z. 260 (2008), no. 3, 557-593. 

[12] D. Joyce, Riemannian holonomy groups and calibrated geometry, Oxford Univer- 
sity Press (2007). 

[13] V. G. Kac, Lie superalgehras. Adv. Math., 26 (1977), 8-96. 

[14] V. G. Kac, Representations of classical Lie superalgehras. Lectures Notes in 
Mathematics 676, Springer- Verlag, Berlin (1978). 

[15] D. A. Leites, Introduction to the theory of supermanifolds, Uspekhi Mat. Nauk 
35 (1980), no. 1, 3-57, translated in Russian Math. Surveys, 35 (1980), no. 1, 
1-64. 

[16] D. A. Leites, Theory of supermanifolds, (in Russian) Petrozavodsk (1983). 

[17] Yu. I. Manin, Gauge Field Theory and Complex Geometry, Grundlehren 289 
(1988), Springer Verlag. First appeared as Kalibrovochnye polya i kompleksnaya 
geometriya, Nauka, Moscow 1984. 

[18] S. Merkulov, L. Schwachhofer Classification of irreducible holonomies of torsion- 
free affine connections, Ann. Math. 150 (1999), 77-149. 

[19] P.-A. Nagy, Prolongations of Lie algebras and applications, 'arXiv:0712.1398" 

[20] M. Parker, Classification of real simple Lie superalgebras of classical type, J. 
Math. Phys. 21 (1980), no. 4, 689-697. 

[21] L. J. Schwachhofer, Connections with irreducible holonomy representations, Adv. 
Math. 160 (2001), no. 1, 1-80. 

[22] V. V. Serganova, Classification of simple real Lie superalgebras and symmetric 
superspaces. Funktsional Anal. Appl. 17 (1983), no. 3, 200-207. 

[23] V. S. Varadarajan, Supersymmetry for Mathematicians: An Introduction. Amer- 
ican Mathematical Society, Courant ecture notes. Vol. 11, 2004. 

[24] H. Wu, Holonomy groups of indefinite metrics. Pacific journal of math., 20 (1967), 
351-382. 



